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Abstract 



An asymptotic formula for the Tian-Paul CM-line of a flat family blown-up at a flat 
closed sub-scheme is given. As an application we prove that the blow-up of a polar- 
ized manifold along a (relatively) Chow-unstable submanifold admits no (extremal) 
constant scalar curvature Kahler metrics in classes making the exceptional divisors 
sufficiently small. Moreover a geometric characterization of relatively Chow-unstable 
configuration of points in the projective space is given. From this we get new examples 
of classes admitting no extremal Kahler metric also in the case of the projective plane 
blown~up at a finite set of points. 

Keyvifords. CM-stability, CM-polarization, Blow-up, Futaki invariant, constant 
scalar curvature Kahler metric, extremal Kahler metric, relative GIT stability. 



1 Introduction and statement of results 

The problem of finding a canonical metric on a fixed Kahler class of a compact manifold 
has a rich and long history mainly due to Calabi, Aubin, Yau, Tian and Donaldson. 
First general results on Kahler-Einstein metrics are due to Aubin |[3j in the negative first 
Chern class case and Yau [37J in the non-positive case p7] with the celebrated proof of 
the Calabi conjecture. Since Matsushima theorem [21] and the Futaki invariant [13], the 
positive (Fano) case is known to be obstructed and in general the problem is still open. 
An insight of Yau relates the existence of such a metric on a Fano manifold to some 
kind of algebraic-geometric stability. In j33j Tian defined K-stability for Fano manifolds, 
which gives a subtle obstruction to the existence of Kahler-Einstein metrics, and made 
concrete Yau's suggestion introducing CM-polarization for families of Fano manifolds and 
formulating a precise conjecture relating the GIT stability relative to CM-polarization 
to the existence of Kahler-Einstein metrics. Later Donaldson introduced his K-stability 
for general polarized manifolds (with non necessarily anti-canonical polarization) and 
conjectured it is equivalent to the existence of a cscK (constant scalar curvature Kahler) 
metric in the polarization class [TO]. Finally one step further has been made by Szekelyhidi 
|3U| introducing relative K-stability for eK (extremal Kahler) metrics. Calabi defined such 
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metrics, generalizing cscK metrics, with the aim to give a canonical representative in each 
Kahler class of a compact complex manifold E] i but after Levine [TH] and Burns-De 
Bartolomeis [1] we know that there exist Kahler manifolds admitting no extremal metrics 
in any Kahler class. More recently, has been shown examples [6b\ [T] of Kahler manifold 
having extremal metrics only in some classes. The main application of results of this 
paper is the construction of new examples of manifolds which admit no eK metrics in 
some classes. 

The equivalence between the existence of a cscK (or more generally eK) metric in the 
polarization class and the algebraic-geometric stability of a polarized manifold sometimes 
goes under the name of Yau-Tian-Donaldson conjecture. Some important steps toward 
the proof of such conjecture have been done. In particular the stability of a polarized 
manifold admitting a canonical metric has been proved [33t [TH [29l [30} I31j . Moreover 
one expects that the stability condition involved in the Yau-Tian-Donaldson conjecture 
is given by the refined CM-polarization of the Hilbert scheme introduced by Paul-Tian 
[26], which is in fact deeply related to Donaldson's K-stability [TO]. Actually Fine and 
Ross showed that the line bundle introduced by Paul and Tian in general is not ample 
[12j . thus we will refer to it (or to a rational multiple) as the CM~line. 

The main result of this paper is quite technical, but it has a number of applications 
to the problem of finding canonical metrics. Roughly speaking it is the expression of the 
CM-line of a blown-up family in terms of the CM-line of the original family and a kind 
of Chow-stability of the center of blow-up. To be more precise, let vr : X — > i? be a flat 
family of relative dimension n endowed with a polarization L {i.e. a relatively ample line 
bundle on X). Following Paul-Tian construction [26], these data define the CM-line 

\cM{X/B,L)eVicQ{B). 

Moreover, to any closed sub-scheme Y <Z X which is flat over B (via tt) and of relative 
dimension d we associate the CW~line (see section [3]) 

Xcv^{Y,X/B,L) G PicQ(5). 

Now consider the blow-up (5 : X ^ X ol X with center Y endowed with the polarization 
= /3*L'" ® C'j^(l) for r sufficiently large. The family tt = tt o (3 : X ^ B \s flat, thus we 

can consider the CM-line Acm (y^/B,L^ € V\cq{B). Our main result is the following 
Theorem 1.1. For r sufficiently large we have 

Acm [x/B, L,) = Acm {X/B, L) ® Acw {Y, X/B, L)T^ O (^-^^ , (1) 

where O {-^) = ^i>n~d^t f^''" some fixed Q-line bundles e, on B. 

As we anticipated above, formula ([T]) has many applications to the problem of existence 
of canonical metrics on polarized manifolds. To state them we apply theorem II. II to a test 
configuration for a polarized manifold (M, A) (as defined in [lOJ). In other words we make 
the following assumptions: 



2 



• B = C endowed with the natural -action, 

• are given a -action on X making vr an equivariant map and a hnearization on L, 

• for any fiber Xf = -K~^{t) over t ^ we have {Xt,L\xt) — i^jA) as polarized 
manifolds. 

From these data we get a polarized scheme endowed with a -action, namely the central 
fiber Xq = 7r~^(0) of the family, polarized with L\xq', with a little abuse of notation we 
denote by F{X, L) the generalized Futaki invariant of {Xq, L\xq) as defined by Donaldson 
[IQj for a general scheme. In addition suppose that 

• the sub-scheme Y d X \s invariant, 

• each fiber Yt = 7r|y^(t) is smooth (although possibly reducible or non-reduced) for 
t 7^ 0. 

From these data both CM and CW-lines inherit a linearization and equation ([T]) holds in 
the sense of linearized bundles. By Paul-Tian [261 theorem 1] we know that the weight 
of the -action on the CM-line Acm (^/C,-L) over G C is nothing but the generalized 
Futaki invariant F{X,L). Moreover let wcw O^i^^L) be the weight of the induced en- 
action on the CW-line Acw (^i ^/^i L) on the fiber over t = 0. 

In remark [3^ we will show that the weight wqw is in fact a generalization of the Chow 
weight of a projective variety introduced (although not explicitly defined) by Mumford 
in [23]. We wih call wcw{y,X,L) the Chow weight of Y C {X,L) (or Yt C {Xt,L\xJ)- 
Actually wqw O^i L) depends only on the fibers of {X, L) and Y over t = 0, but the 
reader should not confuse wcMiY,X,L) with the standard Chow weight of the polarized 
scheme {Yo,L\yo), being Yq = 7r|y"'^(0). 

Following general construction described above, after blowing up the sub-scheme Y we 
get the flat family tt : X ^ C polarized with L,.. A few comments are in order before 
going ahead. First, since Y is invariant, the C^-action on X lifts to X and the map tt is 
equivariant. Second, since Y is transversal to each fiber Xt for t 0, the fiber Xt = Tr~^{t) 
is the blow-up of Xt along Yt for t ^ 0. Thus {X/C,Lr) is a test-configuration for the 
polarized manifold {M,(3*A'' (g) 0{-E)), where /3 : M ^ M is the blow-up of M along 
N = Yi with exceptional divisor E. In this situation by theorem 11.11 we can prove the 
following 

Corollary 1.2. For r sufficiently large we have 

F(x,L,)=F(X,L) + -^;i5#il + 0(^)^ 

If in addition Yi, . . . ,Ys are top-dimensional irreducible components of Y and Yj has 
scheme-theoretic multiplicity mj in Y (in other words at level of ideal sheaves we have 
Jy = X^i n ■ ■ ■ n lyf), we can prove it holds 

s 

wcm{Y, X,L)=J2 wcm{Yj,X, L) m]-''-\ 
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whence by corollary 11.21 we get 



Corollary 1.3. For r sufficiently large we have 

In this case, thanks to smoothness hypothesis on fibers of 7r|y, the Yj's meet only 
over t = and for t 7^ the fiber Xt is the blow-up of Xt along the submanifolds 
7r|y^(t),... ,7r|y^^(i). Thus the family {X/C,Lr) is a test configuration for the polarized 
manifold 

where Ej is the exceptional divisor over 7r|y^(l) (the latter, endowed with the structure 
of reduced scheme). 

In case Y has relative dimension zero {i.e. d = 0, so that M is the blow-up of M at 
a bunch of points), cor ollarv 11.31 reduces to a result originally due to Stoppa [28] (but see 
also subsequent paper [291 proposition 2.13]). We notice that methods used by Stoppa 
are quite different than our ones: in particular he prove his formula by means of a careful 
study of the geometry of the central fiber of the blown-up test configuration X. 

At this point we recall partial proof of the Yau-Tian-Donaldson conjecture due to 
Donaldson 

Theorem 1.4 (Donaldson, [IH])- If the polarized manifold (M,A) is K-unstahle (i.e. 
there exists a test configuration {X/C,L) for {M,A) such that F{X,L) < 0), then there 
are no cscK metrics in ci (L) . 

Thus, if (X/C, L) is a destabilizing test configuration for (M, L), taking a submanifold 
N C M and letting Y be the closure of the trajectory of under the -action on X, by 
discussion above and cor ollarv 1 1.2 1 we know that the blow-up M of M with center admits 
no cscK metrics in the class ci (f3*A^ (8) 0{—E)) for r sufficiently large. In other words the 
blow-up of a K-unstable polarized manifolds remains unstable with polarizations which 
make the exceptional divisor small enough. More interestingly, if (M, L) is K-semistable 
(i.e. not unstable) and {X/C, L) is now a non-trivial test configuration with F{X, L) = 
(which exists whenever there is a non-trivial -action on M), then the instability of 

(^M, [3* A" 0{-E)J for r > is imphed by the condition wcwiY, X, L) < 0. The latter 
being exactly the definition of Chow-instability ofAcMifX = MxCisa product 
configuration. In this circle of ideas thanks to theorem 11.41 we prove the following 

Theorem 1.5. Let {M,A) be a polarized manifold admitting a cscK metric with Kdhler 
class ci{A) E H^'^{M,C). Let Ni, . . . , Ng C M be pairwise disjoint submanifolds of co- 
dimension greater than two. Let (3 : M ^ M be the blow-up of M along Ai U • • • U A^ 
with Ej the exceptional divisor over Nj. For mi, . . . ,ms £ N consider the sub-scheme N 
cut out by the ideal sheaf Tn = PI • • • n T^" . 
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If N d M is Chow-unstable then the class 



contains no cscK metrics for r 3> 0. 

Thanks to the well known geometric characterization of Chow stability of configura- 
tion of linear subspaces of P" (see for example 12] or |22j for points), theorem 11.51 
gives infinitely many examples of polarized manifolds with no cscK metrics. For exam- 
ples involving blow-up of points we refer to |28], here we give an example with higher 
dimensional center of blow-up. 

Example 1.6 (Projective space blown-up at a pair of skew linear subspaces). From Nadel 
[2b\ example 6.4] we know that the blow-up of p2'"+i along a pair of skew r-dimensional 
linear subspaces Li, L2 admits the Kahler-Einstein metric. Thus we have the cscK metric 
in the canonical class ci {O ((2r + 2)H — r{Ei + E2))), where H is the pull-back of the 
hyperplane class and Ei, E2 are the exceptional divisors respectively over Li and L2. On 
the other hand, by geometric criterion aforementioned we know that the sub-scheme L 
cut by II = ^x^-^ n I'^^ is Chow-unstable if mi 7^ m2- Thus we have no cscK metrics in 
the classes ci (O {kH — miEi — m2E2)) with mi 7^ m2 and k sufficiently large. 

Theorem 1 1 . 41 has an analogous for eK metrics due to Szekelyhidi [HO], where one has to 
look to a restricted class of test configuration to get the relevant instability (or equivalently 
one can correct the Futaki invariant with an additional term). Thanks to this result, with 
a little additional effort, from corollary 11.21 we can get a non-existence theorem for eK 
metrics on blown-up manifolds. 

Theorem 1.7. Let {M,A) he a polarized manifold admitting an eK metric with Kdhler 
class ci{A) G H^''^{M,C). Let Ni, . . . , Ng C M be pairwise disjoint submanifolds of co- 
dimension greater than two and assume there exists an extremal vector field of the class 
ci{A) which is tangent to each Nj. Let (5 : M ^ M he the blow-up of M along NiU- ■ -UNg 
with Ej the exceptional divisor over Nj. For mi, . . . ,ms G N consider the sub-scheme N 
cut out by the ideal sheaf X^r = fl • • • H I^" . 

If N C M is relatively Chow-unstable then the class 



contains no eK metrics for r ^ 0. 

Here by relatively Chow-unstable we mean that, keeping notations as above, X = MxC 
is a product configuration and C M is unstable with respect to a one-parameter 
subgroup of ZxvLt(M){T)/T, where T C Aut(M)7v is a fixed maximal torus of the stabilizer 
Aut(M)Ar = {5 G Aut(M) \g{N) = N} and ^Aut(M)(r) is the identity component of the 
centralizer of T in Aut(M). In general relative stability is weaker than stability, but 
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they are equivalent when T is trivial. A geometric characterization of relative stability of 
configuration of points in P" will be given in section 12.11 In the very special case of we 
have the following 

Theorem 1.8. For fixed points pi, . . . ,ps € P^ and multiplicities mi, . . . , rris € N, let N 
be the sub-scheme (configuration of points) o/P^ cut by the ideal In = n • • • nl^". 
We have the following cases 

i. if s <2 or s = 3 and pi,p2,P3 are non-aligned, then N is relatively Chow-stable, 

ii. if s > 3 and pj 's lie on a line L , then N is relatively Chow-stable if and only if it 
is Chow-stable as a sub-scheme of L, 

Hi. if s > 4 and p2, ■ ■ ■ ,Ps lie on a line L, then N is relatively Chow-stable if and only 
if the sub-scheme N' cut by the ideal 2^' = n • • • n 2"™' it is Chow-stable as a 
sub-scheme of L, 

iv. i/s > 4 and four points among pj 's are three by three non-aligned, then N is relatively 
Chow-stable if and only if it is Chow-stable. 

As is known since Calabi seminal paper [5] , the existence of eK metric on blow-up of P^ 
at one point is unobstructed, in accordance with theorems 11.81 and II . 7i More interestingly, 
for the blow-up of P^ at two points, by Arezzo-Pacard-Singer [2], Chen-LeBrun- Webber 
[8j and He [15] the existence of eK metrics in classes making small the exceptional divi- 
sors and in all classes making the exceptional divisors with the same volume (also called 
bilaterally symmetric classes) is established. Moreover, for the blow-up of P^ at three 
non-aligned points we know there exist eK metrics in two set of classes: the canonical 
class and in classes nearby by Tian-Yau [33] and LeBrun-Simanca jl8j , and in a class 
with exceptional divisors with the same volume grater than in the canonical class and in 
classes nearby thanks to Arezzo-Pacard-Singer [2] . In this cases our theorems 11.81 and 11.71 
give no obstruction providing evidence to the existence of eK metric on each Kahler class. 

Example 1.9 (P^ blown-up at aligned points). Consider the blow-up of P^ at s > 3 points 
lying on a line L C P^. Thanks to theorems 1 1 . 8 1 and 1 1 . 71 we conclude that there are no eK 
metrics in the Chern class of the line bundle O (^H — "^i^j^ if there is a rrii greater 

than the sum of other ones and k sufficiently large, being Ej^s the exceptional divisors on 
the blown-up points and H the pull-back of the hyperplane class of P^. 

Example 1.10 (P^ blown-up at non-aligned points). In the situation of previous example, 
if we blow-up another point po ^ L then the sub-scheme of L given by points pi, . . . ,ps 
with multiplicities mi , . . . , m^ is unchanged then we conclude that there are no eK metrics 
in the first Chern class of O (jvH — Ylj=o''^j'^j^ there is a 1 < i < s such that rui > 
J2i<j<s A; ^ 0. In particular tuq is completely arbitrary. On the other hand, 

if we blow-up P^ at s > 4 points and four of them are three by three not aligned, then 
relative Chow-stability is the classical one and we have no eK-metrics if more than | of 
points counted with respective multiplicity are aligned. 
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The example above is in fact a weak (due to some border-line case still open) converse 
of proposition 8.1], where are given sufficient conditions on the multiplicities m^'s for 
the existence of eK metrics in the considered classes. 

Example 1.11 (P^ blown-up at three skew lines). The stabilizer of three skew lines Li, L2, 
L3 in P'^ is SL{2), thus the blow-up at that lines can a priori have eK metrics with non 
constant scalar curvature in some Kahler class. On the other hand, a direct computation 
of wcw for each line (see remark 13. 6p shows that the scheme N cut by the ideal sheaf 
Ijv = ^-^2 ^-^3 relatively Chow unstable if one of the multiplicities {mi, m2, 7713} 
is grater than the sum of the others. In this case, by theorem 1 1 . 71 there are no eK metrics in 
the classes ci {O {kH — niiEi — m2i?2 — "^s-E's)) with A; ^ 0, where Ej is the exceptional 
divisor over Lj and H is the pull-back of the hyperplane class of P^ . 
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2 Relative GIT stability 

The idea of relative (GIT) stability is buried in a number of papers [El [20]. A clear 
treatment related to stability of polarized manifold is given by Szekelyhidi [50] . Following 
his definitions, here we recall some elementary facts. 

Let y be a finite dimensional C-vector space acted on linearly by a reductive algebraic 
group G. According to GIT [23l [HI [32] , a point v e V is called 

• unstable if € G ■ f , 

• semistable if ^ G ■ v, 

• poly stable if G ■ v is closed in V and ^ G ■ v, 

• stable if it is polystable and the stabilizer G„ is finite. 

Now let H C G a reductive subgroup. Obviously the action of G induces an action of 
H and a (semi/poly)stable point v with respect to G is (semi/poly)stable with respect to 
H. By converse, the stability with respect a sufficiently wide class of subgroups implies 
the stability with respect G. Indeed it holds the following 

Theorem 2.1 (Hilbert-Mumford criterion). A point v (z V is (semi/poly) stable if and 
only if it is (semi/poly) stable with respect to all non-trivial one-parameter subgroups of 
G. 
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Now let A be a one-parameter subgroup of G. Each non-zero v £ V determines a line 
L = [v] £ ¥{V) and Lq = lim^^o -^(0 ' ^ is A-invariant. The weight of the action of A on 
Lq C y is denoted by , A) and it is called the Mumford weight of v with respect to 
A. Thus, by Hilbert-Mumford criterion, v is (semi)stable if and only if fi(v, A) < (resp. 
< 0) for all one-parameter subgroups A of G. 

Next, in order to define relative stability of a point v V consider the stabilizer 
G[v] = {g G\g ■ V (z Cv} of [v] with respect to the induced action on ¥{V) and choose 
a maximal torus T C so that T ~ (C^)'' for some integer r > 0. Let Zg(T) 

be the identity component of the centralizer of T in G and consider the quotient group 
Gt = Zg{T)/T. Choosing a split of the exact sequence — > T — >• Zg{T) — > Gt — > gives 
an action of Gt on V by restriction of the original one of G. 

Definition 2.2. A point v G V is called relatively (un/ semi/poly) stable if it is (un/semi/poly)stable 
with respect to Gt- 

Actually the inclusion i : Gt ^ G is not canonically defined, thus we have to show 
that definition 12.21 is independent of l. To this end let k : Gt Zg{T) be another split of 
the sequence above. Since l and k are right inverses of the projection Zg(T) Gt then 
T{g) = K{g)i{g)~^ defines an homomorphism r : Gt —>■ T. Thus the orbit k{Gp) ■ v is just 
a "translation" of the orbit l{Gp) ■ v via r. 

Remark 2.3. A stable point for the G-action is relatively stable as well. Indeed, in this 
case T is trivial and Gt = Zg{T) = G. On the other hand, relatively unstable points are 
unstable in absolute sense. 

Remark 2.4. As in the non-relative case, in presence of a polarized variety {X, L) acted 
on by G, the relative stability of p S X is defined looking at the orbit of a nonzero £ € Lp 
under the action of Gt, being T C Gp a maximal torus of the stabilizer of p . 

2.1 Relative stability of configurations of points 

The aim of this section is to give a geometric criterion for relative Chow-stability of 
configuration of points in the projective space P". For convenience of the reader and 
future reference we start by recalling a similar well-known result in the absolute (i.e. non 
relative) Chow-stability. For proofs and more details see \24:\ [9l [22] . 

By configuration of points here we mean an element P = {pi, . . . ,Pm) G (P")™. 

Remark 2.5. To P we can associate an ideal sheaf Ip C Opn as follows. Perhaps changing 
the order of pj's we can suppose that {pi, . . . ,ps} is the maximal set of distinct points 
among Pj's. Denoted by rrij the multiplicity of pj in P for each 1 < j < s, we set 
Tp = X™^ n • • • n T™* . As well known the Chow-stability of the subscheme of P" defined 
by the ideal sheaf Zp is equivalent to the GIT stability of the m-form fp G C[2;0) • • • ! Xx] 
defined in the following. 

To each Pj = (jp- : . . . : p") we associate the linear form lj{x) = "^^^oP^jXi (the so-called 
Chow form of pj) and then consider the product 

fp{x)=U]l,l,{x). 
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Now let V = C[xo, . . . 

1 Xn\m be the space of forms of degree tti endowed with the action 
of G = 5L(n + 1) defined by 

{g-f){x) = f{g-^x), 
for each g G G. Since fp G V we give the following 

Definition 2.6. The configuration P is called (semi)stable if fp (zV is. 

The geometric meaning of stability just defined is given by the following 

Theorem 2.7. Let P G ^pnyn ^ configuration of points o/P". P is semistahle if and 
only if for every proper linear subspace E we have 

, dim£; + l 

#{j \ Pj ^ E} < — m. 

P is stable if and only if the strict inequality holds. 

Proof. See [22i Proposition 7.27] or ^ Theorem 11.2]. □ 

Now we turn to a relative version of the previous results. 
Definition 2.8. P is called relatively (semi/poly)stable \i fp gV is. 

To give geometric conditions characterizing relative stability of P, let Gp C G be the 
identity component of the stabilizer of the configuration P and let A C P'^ be the Gp- 
invariant subspace spanned by points pi, . . . ^Pm- Consider the action of Gp on A and let 
F be the fixed points locus. F is a union of subspaces, then A is decomposable in a sum 
of pointwise Gp-fixed subspaces. The following lemma characterize such decomposition 
and it is crucial to state the condition of relative stability. 

Lemma 2.9. There exists a decomposition 

A = Ai + . . . + As 
with {pi, . . . ,Pm} r\ kj ^% such that 

• Aj n Yli^j — (orthogonality) 

• // A = A']^ + . . . + A'^, satisfies conditions above, then s' < s. (irreducibility) 

A decomposition as above is unique up to the order of summands. 

Proof. We prove the statement by constructing such a decomposition. 

Let d — 1 be the dimension of A. By definition of A it is possible to choose d points 
linear independent among pi, . . . ,Pm- Without loss we can suppose that pi, . . . ,pd are 
independent. Furthermore, with a suitable choice of projective coordinates, we can also 
suppose pj = Cj-i (the canonical points of P" in the fixed coordinates) for 1 < j < d. 
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To each point Pj = ip^ p^) & {pi, ■ ■ ■ ,Pm} we associate the subspace 

i S.t. p^.^O 

Clearly pj G Sj and the number of non-zero coefficient of pj with respect to the canonical 
basis equals dimS'j. In particular Sj = {ej-i} for j S {1, . . . , d}. Now we introduce on 
the set of subspaces S = {Si, . . . , 5m} the equivalence relation defined by 

Si ~ Sj ^ SiHSj^iJ} 

and we associate to each class Cj G {Ci, . . . , C^} = S/ ~ the subspace 

A. = E 

By construction the decomposition 

A = Ai + • • • + As 

satisfies orthogonality and irreducibility condition. □ 

Example 2.10 (Plane configurations of points). Dealing with points on the plane only few 
different cases can occur. Let P G (P^)™" and A be the span of points of P. One has the 
following cases 



A = {p} if P is supported at the point p. 

A = {p} + {q\ if P is supported at two distinct points p, q. 

A = {p} + {<?} + {r} if P is supported at three non-aligned points p, q, r. 

A = L if P is supported at least at three 

distinct points of the line L. 
A = {p} + L if P is supported at the point p ^ L and 

at least three distinct points of the line L. 
A = p2 if P is supported at least at four points, 

three by three not aligned. 

Now we are in position to state and prove the main result of this section 

Theorem 2.11. Let P £ (p")»" a configuration of points in P". Let A = Ai + • • • + A^ 
be the subspace spanned by points of P with the decomposition of lemma \2.9l For each 
j € {1, . . . , s} let Pj be the configuration of points of P contained in Aj . 

The configuration P is relatively (semi/poly) stable if and only if each configuration Pj 
is (semi/poly) stable inAj. 



Proof. First of all we have to determine the (identity component of the) stabilizer Gp 
of P in G = SL{n + 1). To this end is useful to make some assumption on points of 
P = (pi, . . . ,Pm)- As in the proof of lemma l2.9l we can suppose without loss that pj = Cj-i 



10 



for 1 < J < d = dimA + 1. Moreover, since each Aj is spanned by some e^'s, perhaps after 
some exchanges, we can also assume 

Ai = {eo}H \-{edi-i}, 

A2 = {edjH \- {edj_+d2-i}, 



A. 



{edi+ -+ds-i} H \- {edi+-+ds-i}, 



where dj = dimAj + 1, with = d. By irreducibihty property of decomposition 

A = Ai H h As, if 5 G Gp then g fixes each point of Aj for any j e {1,... , s}. Thus, in 

the basis {eo, . . . , e„} any element g G Gp is represented by a matrix of the form 



Ai/i 



V 





c 






B 



where Aj € C^, Ij is the identity matrix of rank dj, C G Mat(c/ x (n — d + 1),C) and 
B G GL{n — d+1) satisfies the condition 

1 



det(B) 



With the most natural choice of the maximal torus T C. Gp a element i G T is represented 
by a matrix of the form 



A. Is 






As+i 

Ap+i 



where Ij are as above, Aj G with the condition 



As+i • • • Ap+i — 



Afi . . . xi^ ' 



and p = n — d + s is the dimension of T. Thus, a generic element g G Zg{T) of the 
centralizer of T in G is represented by 




(2) 
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where /Zj G and Aj G GL(dj) satisfy the condition 



det(^i) 



.det(^) 



1 



(3) 



^s+l ■ ■ ■ IJ-p+1 



Now we define i : Gt = Zg{T)/T 



Ghy 



\ 



Bs 



\ 



where I is the identity matrix of rank p — s + 1 and Bj = (det Aj) ^Aj € SL{dj). 
Under our assumptions the homogeneous form fp G C[xo, • • • , Xn]m sphts 



where fj G C[xdj_| hdj-n • • • i^diH \-dj-i]- Thus the action of an element g £ Zg{T) of 

the form ([2]) sphts into the action of the blocks Bj on fj: 



After all these reductions we are ready to show the ties between the absolute stability 
of /j's and the relative stability of fp. Let us suppose that fj is unstable for the action of 
SL(dj). This means that the null form is contained in the closure of the orbit SL(dj) ■ fj. 
Since SL{dj) C l{Gt) also fp is unstable. By converse, if every fj is semistable then the 
closure of each orbit SL{dj) ■ fj does not contain the null form 0. This implies that the 
orbit ^(Gt) ■ fp of fp does not contain the null form and fp is semistable. Next we pass 
to polystability. By splitting ^ follows that the orbit /-(Gt) • fp is the pointwise product 
of orbits SL{dj) ■ fj, thus it is closed if and only if each orbit SL{dj) ■ fj is closed. This 
implies that fp is relatively polystable if and only if each /-,• is polystable for the SL{dj)- 
action. Finally, since the stabilizer of fp in l{Gt) is notingh but the direct product of 
stabilizers in SL{dj) of each fj, then fp is relatively stable if and only if each fj is stable 
under the action of SL{dj). □ 

proof of theorem \1.8[ It is a corollary of theorem 12.111 via example 12.101 In case El each 
Aj is a point, thus N restricted to it is always stable. In cases [nl and [ml A is either 
the line L or the sum of L with a point; in any cases the stability of A'^ restricted to L is 
equivalent to the relative stability of N. Finally, in casejivl A = P^, thus relative stability 
and stability coincide. □ 



In this section we recall basic facts on CM-line, originally defined in [26] (for a nice review 

and some interesting positivity results see also p^). Moreover we introduce the CW-line, 
related to Chow-stability of subschemes. 



fp = fi---fs 



g-fp = {B^-fi)...{Bs-fs). 



(4) 



3 CM and CW-lines 
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Let TT : X ^ B he 8, flat morphism of projective varieties with B irreducible and 
relative dimension dini{X/B) = n and let L be a relatively ample line bundle X. For 
each k consider the coherent sheaf ^[{L^) on B. By standard theory the Hilbert polyno- 
mial xi^h^L^) of the fiber of X;, = vr^^(6) equipped with the polarization L;, = L|xi, is 
independent of 6 G S and is given by 

n 

rank7r,(L'=) =^aJ■A:"-^ (5) 

3=0 

where Oj S Q. 

Analogously, thanks to Knudsen and Mumford results [17j we have the polynomial 
expansion 

n+l 

det7^,(L'=) = (g)^.f^'"^ (6) 

i=o 

where z/j's are Q-line bundles on B. The relevance of det-7r!(L'^) to our aims rely on the 
canonical isomorphism 

^det7r,(L'=)) ~ det 4'), 



b 



for each b & B and k ^ 0. 



Definition 3.1 ([26]). The CM-line associated to the polarized family {X/B,L) is the 
Q-line bundle on B given by 



1 



Xcm{X/B,L) = (i^o"'^^ ) "0 . 

We remark that the CM-line just defined is a rational multiple of the original one in 
On the other hand the CM-line as defined in 13.11 enjoy two nice properties. First it 
is homogeneous of degree zero as function of L, in other words 

Xcm{X/B,L^) = Xcm{X /B,L) 

for all r. Second, in presence of a C^-action, the weight over the invariant points of B 
is the generalized Futaki invariant defined by Donaldson [10]. More precisely, suppose 
given -actions on X and B making tt an equivariant map and choose a linearization on 
L. From these data, we get a linearization on Xc}^{X/B,L). Is not difficult to see that 
such linearization is independent of the one on L. If bo B is a fixed point let Fi(bo) 
be the weight of the action on the fiber {Xcm{X/ B, L))bg. On the other hand, taking 
the fiber of vr over bo, we get a polarized scheme {Xi,g,Li,g) endowed with a -action 

'k ^ 

'bo) 

Theorem 3.2 (Paul-Tian [26]). 



and a linearization on Li,^. Denoted by w{Xi,q, L^^) the weight of the induced action on 
det H'^ (Xftg , Li ) , we have the following 



kx{Xbo,\ 



- Fo{bo) + Fi{bo)k-' + 0{k-^), A;»0. 



k 
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Remark 3.3. With our signs conventions, (Xfe„,Lfe„) is CM-unstable w.r.t. a given en- 
action on {X/B,L) if the Futaki invariant Fi{bo) is positive. 

Now we pass to define the CW-Hne. Let 1" be a closed subscheme of X flat over B. 
In other words we require that 7r|y : y — > is flat or equivalently, that ly is flat over 
B, being ly C Ox the ideal sheaf of Y. By [23] Proposition 2.1] there is a polynomial 
expansion 

d n—d 

rankvr, (l^ /l^L^^ =Y.Y1 Kj^'^^'^"''^'^ ^ (7) 
j=0 j=0 

where bij € Q. Moreover, arguing as in the proof of [23^ Proposition 2.1], and using 
Cartier's theorem [7] in place of Snapper, we get the following expansion 

d+l n—d 

det VT! {L'^/I^yL^) = (g) (g) pg--'^— , (8) 

where are fixed Q-line bundles on B and d = dim(y/i?) is the relative dimension of 
Y over B. 

Definition 3.4. The CW-line associated to the closed subscheme Y C {X/B,L) is the 
Q-line bundle on B given by 

Xcw{Y,X/B,L) = (j^S"'' ^Pm')^ • 

Given -actions on B and X making Y invariant and vr equivariant, after choosing a 
linearization on L we get an induced linearization on Xcy/{Y,X/B,L). This linearization 
is natural, in the sense that it is independent of the one on L. Pick a C^-fixed point 
bo ^ B and consider the fiber Yh„ 

Definition 3.5. For each b € B such that limt^o t'b = bo, the Chow weight wcwiYb, Xb, Lb) 
of Ifc = 7rjy^(6) w.r.t. the given C^-action is the weight of the induced C^-action on the 
fiber {Xcw{Y,X/B,L)),^. 

Remark 3.6. The Chow weight just introduced is a generalization of the well-known Chow- 
Mumford weight of a projective variety N'^ C [23^ I27j. To see this, fix a one parameter 
subgroup of a : — > SL{n + 1). With a suitable choice of coordinates we have a{t) = 
diag {t'^°~P, . . . , t'^"~^), with p = ^"=o < qo < ■ ■ ■ < qn- Fix on the hyperplane 

bundle C'pn(l) the linearization of a that induces the C^-action t diag (t"''", . . . , t~'i") 
on if°(P", Opn (1)). Now let X = P" xC acted on diagonally by C . Clearly the projections 
on the factors are equivariant and flat, thus the pull-back L = prJC'pn(l) is a linearized 
line bundle on X. Let vr : X ^ C be the projection on the second factor. By general 
theory recalled above, for S> we have 

un 

mnkm{L^) = dim/f°(P'^, Opn(A;)) = — + O(p-i) 

n 
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and 



det7r,(L'=) (g)0(yt"), 

whence by (det7r!(L^'))o - -H^^lIP", Cp"(^)), 

we can conclude that the weight of the induced 



9j 



-action on the fiber of uq over t = is given by Y17=o ~ (n+i)! • 
Now consider the closure of the trajectory of N under the action of a 



Y = {{p,t) G P'^ X Cx |a(t-i)(p) eN} CX 

and denote its ideal sheaf with Xy C Ox- By theory above, for h ^ we have asymptotic 
expansions 

rank(LVx^^'^) = bo{k)h'^ + 0{h'^-^) 

and 

thus 6o(/c) is the degree of {N,I^) C F" and the weight wo{k) of the induced action on 
the fiber over i = of the Q-line bundle poik) is the leading coefficient of the polynomial 
expansion of det/7°(P",Opn(/i)/(2:^)o Opn(/i)) as /i > 0, where (X^)o is the ideal 
sheaf of the flat limit limt^o ck(0(-^' Ox/X%)- Since the multiplicity of [A'^ed] in the cycle 
underlying the scheme {N,I%) is i^'l^^'^), by [Ml Lemma 25] we get 

being — the leading coefficient as /i ^ of the weight of the induced action on 

det (P" , Opn ( /l) / ( ) Opn (/l) ) . 



Thus the weight of the induced action on the fiber over i = of XQysi{Y,X/C,L) 
Po 1 ) given by 



which coincides with the Chow-Mumford weight appearing in [23^ Theorem 2.9] up to the 

f^C*""^ 2{d+l)\ln-d-2)\ ■ 

Remark 3.7. With our signs conventions, a variety N C F" is Chow-unstable w.r.t. a 
given C^-action on P" if the Chow-weight ujq^{N C'pn (l)) is positive. 

Remark 3.8. We can slightly generalize the situation above and consider N C M, where 
(M, A) is a n-dimensional polarized manifold endowed with a C^-action a : Aut(M) 
that linearizes on A, and is a possibly non-reduced sub-variety. In this case X = M x C, 
TT = pr2 and L = '^i\A. Moreover 



Y = {{p, t) G M X Cx I a{t~^){p) e iV} C X 
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and A'o = 7r|y^(0) is the flat limit of N under the action of a. Let ao(M, A) and ao{N, A\]\f) 
be respectively the leading coefficient of h^{M,A^) and h^{N,A\'^j^) as r ^ and let 
e{M,A), e{NQ, L\]srg) be the leading coefficients of polynomial expansions of the total 
weights of induced actions on H^(M, A^) and H^{Nq, L\'^j^^) as r ^ 0. Arguing as above 
we get 

,„ (AT ,f n = aoiN,AM ( e{M,A) e(iVo,LUJ \ 

wc^yi^,m,i.) 2{d + l)\{n-d-2)\a^{M,A)\a^{M,A) ao{N,A\N))' ^' 

Moreover we can get a differential geometric expression for wq^{N,M^L) as follows. 
Let V be the holomorphic vector field generated by a on M and let (j)^ be the normalized 
potential of v with respect to a fixed Kahler metric uj in the first Chern class of A\ in other 
words (j)^ is the unique solution of the system 

d(t)y + iyUJ = 0. 

Since A'^o is Q-invariant, by Riemann-Roch theorem and |1H proposition 3] one has ao(Af, L) : 
vol(M,a;), e{M,L) = and e{N,A\N) = fj^4>v^, whence 

wcw{N,M,L) = - , ~^ . / ^v^, (10) 

2(n — d — 2)! vol(Ai, lo) Jtvq 

where the integral is over the cycle associated to the scheme Nq. 

Clearly equation (jlOp defines a linear functional on the space of the holomorphic vector 
fields (with zeros) on M tangent to Nq. 

We conclude this section with the following 

Lemma 3.9. Given a finite collection of closed subschemes {Yj,ZYj) CX,l<j<sof 
the same dimension d, let Z C X be the sub-scheme cut out by Iz = l~l ■ ■ ■ H ly" for 
some multiplicities mi, . . . , nig > 0. We have 

s 

XcwiZ, X/B, L) = (g) Xcw{Yj,X/B, L^^ . 
i=i 

Proof. We start proving the formula in the case s = 2 and mi = m2 = 1 so that Zz = 
Iyi n ■ Consider the exact sequence 

^ Ox/Ty, n 1y, ^ Ox/Ty, e Ox/Ty, ^ Ox/Ty, + Ty, ^ 0, (11) 

where the third arrow takes the difference of sections of Ox/^Yi and Ox/^Y2- Tensoring 
by L^, for /i » we get 

^ L''/ {1y^ n lY^f ^ l^/i^^l'' e L^/I^^^L^ ^ L^/ {Iy, + Xyj'' l'' ^ 0, 

whence 

vr, (lV {Iy, n Ty,)'^ = vr, (l^/I^^L'') + m (l^/I^^L^) - m (lV (Ty, + Tyj'^ L'^) . 
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Since supp {Iyi + ) has dimension less than d, we get 



det TT, ( L^/I^L^ = det m L^/ltl^' ^ det vri L^/ltl'' 0(/i'^ 



n— d n— d 

j=0 j=0 
n—d 

{P0AY2) ® PoAy2)f^''""'~' ^ o{h^), 



j=0 

and analogously 

n—d 

rankvr, (lVt|L^) = J] (6o,,(i^i) + &o,i(l2)) /I'^A:"-'^-^' + 0{h''-'), 

j=0 

whence 

Now let Iz = for some m > 0. By expansions ([7]) and ([8|) we get 

d n—d 
i=0 j=0 

and 

d+l n—d 

detvrKLV^^') = (g)®/^!:;""'"^'''^""'^""'"^ 

i=0 j=0 

respectively. Thus by definition of CW-line we get 

XcMZ,X/B,L) = (^S"'^'"""" ® PoT"""")'^ = Xcw{Y,X/B,Lr"-'-\ 
The general case follows easily by induction on s. □ 

4 CM— line of blow-ups 

In this section we give an expression of the CM-line of a polarized flat family blown-up 
along a flat closed sub-scheme, in terms of the CM-line of the base family and the CW-line 
of the center of the blow-up. 



17 



Let TT : X ^ Bhe & flat morphism of projective varieties with B irreducible and relative 
dimension dim{X/B) = n and let L be a relatively ample line bundle X. Moreover, let 
i : Y ^ X he the inclusion of a subscheme flat over B (via vr) with relative dimension 
dim(y/S) = d<n-l. 

Now let /? : X — > X be the blow-up of X along Tywith exceptional (invertible) sheaf 
0^(1). By hypothesis on tt and Y we can conclude that tt = tt o /3 is flat. We set 

Lr = I3*V ®Ox{l)- 

For r sufficiently large is relatively ample. Moreover, for all /c ^ 0, we have the iden- 
tification TT\{L^) = t:\{XyL^^) of locally free sheaves on B. Thus, always for k sufficiently 
large, we have the following exact sequence 

^ l^L^"^ ^ L^'' ^ L^'VT^L^'- ^ 0, 

whence 

m(L^) = ^T^.{L^'') - ttKL'^VX^L^^). (12) 
Theorem 4.1. For r sufficiently large we have the following asymptotic expansion 

XcM{X/B,Lr) = XcM{X/B,L)^XcwiY,X/B,L)^^=^ ^ 



j,n—d 



Proof. By equation and expansions © and ([H]) we get 

-1 



det7f!(L^) = detm(L'=") (detTT^L'^Vl^L'^"' 

n+l d+1 n—d 

i=0 j=0 i=0 

n+l d+1 n~d 

i=0 i=0 j=0 

and analogously by expansions ([5|) and ([7|) we have 

rankm(L^) = rank m (L^*^) - rank ^(L'^VZ^L'^^) 

n d n—d 

= ^ a, (fcr)"-^- Kjikrf-'k--'-' 
j=0 i=0 j=0 

n d n—d 

j=0 i=0 j=0 

= {aor^ - ^or'')fc" + (air""! - 60,1^'^ - h,or'''')k^~' + 0(A;"-2). 
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Thus by definition 13.11 of CM-line we have 



whence 

and the thesis follows by definitions of CM-line and CW-line. □ 

Remark 4.2. Although Theorem 14. 1 1 gives only an asymptotic expansion of the line bundle 
^cm{X /B, Lr), is clear that from equation (fT3]) is not hard to get an exact polynomial ex- 
pansion of Xcm{X/B, Lr)Kr"-feo,or'')2 ^gj.jj^g Qf ^^^^ X and Y. We do not state here 
such a more complete result due to the lack (to the best of the author's knowledge) of geo- 
metric meaning of some other line bundles appearing in the formula. Only about the lower 

1 

order term, we notice that it is the limit as A; — > oo of the CM-line AcM(^fc; -^Iy^) '^'o-''''"' 
associated to the polarized sub-scheme Yj. C X cut out by Ty. These aspects will be 
objects of further studies by the author. 

5 Proofs of theorems 11.51 and 11.7 

In this section we consider a special case of situation of previous sections. As above we 
have a flat family n : X ^ B endowed with a relative ample line bundle L, but now 
we suppose B = C and we are given a C^-action on X, covering the natural one on C, 
and a linearization on L. If the fiber M = 7r~^{t) at t 7^ is non-singular, we recover 
the definition of test configuration for the polarized manifold {M,L\m) originally due to 
Donaldson: 

Definition 5.1 ([ID])' A test configuration (of exponent one) for the polarized manifold 
{Ad, A) is a C^-equivariant flat family tt : X ^ C endowed with a relatively ample C^- 
linearized line bundle L such that (7r^-'^(t), Ll^-i^^)) ~ {M,A) for all t 7^ 0. The Futaki 
invariant of the central fiber (7r~"'^(0), LI^-i^q)) is called the Futaki invariant of the test 
configuration and will be denoted (with a little abuse of notation) by F{X, L), leaving the 
-action understood. 

Now consider a n-dimensional projective manifold M and fix A'^i, . . . , A^^ C M pairwise 
disjoint submanifolds of dimension d < n — 1. Let 

p:M = BlN,u-uNs{M)^M 



1^0 ^ Po,0 



aor'^-bofir''- 



(13) 



d+l d 



Or 
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be the blowup of M along the union A^i U • • • U A^^. Clearly M is smooth, moreover, 
denoting by Ej the exceptional divisor over Nj, and fixed an ample line bundle ^ on M, 
we get a collection of polarized manifolds 

M,I3*A'- ®{-Y,mjE,)^, (14) 

for r ^ 0. 

Fix a -action a : — > Aut(M) on M and a linearization on A. Since each Nj 
move under the action of a, is natural to expect that these data give a test configuration 
for each of the polarized manifolds (I14p . To construct this test configuration we proceed 
as follows. Set X = M x C and let vr : X — > C be the projection on the second factor and 
L = pr^j4 be the pull back of A via the projection of X on M. Clearly vr is flat and L is 
relatively ample. Now consider the (closure of) the trajectory of each Nj under the action 
of q: 

Yj = {{p,t) e M X Cx \ a{t-^){p) G Nj} C X, 

denote by Zy^ C Ox its ideal sheaf and let y C X be the sub-scheme cut out by the ideal 
sheaf ly = n • • • nZy °. The restriction of vr to y is surjective and flat. For t 7^ the 
fiber 7r|y^(t) is nothing but the union of subschemes {Nj,2^p moved by a{t), whereas 
7r|y^(0) is the flat limit of such union of sub-schemes as t ^ 0. 

Finally consider the blow-up /3 : X ^ X of X along ly. Since the latter is -invariant, 
X has an induced -action. Moreover we are in the situation of section HI The map 
vr = /3 o vr is flat and equivariant and the line bundle 

Lr = /3*L^ 00^(1) 

has an induced linearization. Since each slice M x {t} is transversal to suppXy for 
t ^ 0, the fiber Tf~^{t) of tt at i is the blow-up of M at the transformed submanifold 
a{t) {Ni U • • • U Ng), and we have the isomorphism 

(7f-i(i),(/3U'-0(-i?))|^-i(,)) ^ (^M,P*A^(S>i-J2m,E,) 

Thus the family vf : X ^ C polarized with is a test configuration for the blown-up 
polarized manifold (I14p with r ^ 0. At this point we notice that in general 7r~^(0) is not 
the blow-up of M at the limit sub-scheme 

linia(t) (Xi U • • • U X^) = 7r|^^(0). 

This phenomenon is well discussed in [28] in case where dim(Xj) = 0. 

Now we apply results of sections [3] and U] to get an asymptotic expansion of the Fu- 
taki invariant of the test configuration (^X /C, we just constructed. In particular by 
theorem 14. II we get the following 
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Corollary 5.2. Let F{X , Lr), F{M, A) be the Futaki invariants of the test configura- 
tions constructed above respectively for the manifolds ^M,/3*A'^ ® l^j=i "^j-^j)) ^f^d 
(M, A) . For r we have 

F{X, L,) = F{M, A) + - ^ wcwiN,,M, A)m]-'^-' + O . 

j=i 

Proof. Since Iz = l~l • • • H I^" by theorem 14.11 and lemma 13.91 for r ^ we get 

Xcw{Yj,X/C,L)^-) ^0[- 



XcM{X/C,Lr) = XcM{X/C,L)(^^Xcw{Yj,X/C,L)y W ^O, ^ 



Thus the statement foUows by theorem 13.21 taking the weight of the -action on the 



central fiber ^AcmI-'^/C, Lr)j . □ 

Remark 5.3. More generally we can start with an arbitrary test configuration {X/C,L) 
for {M,A) with C^-action a : Aut(X) and projection it : X C. Embedded 

Nj C 7r^-'^(l) in the fiber over i = 1, we set 



Y,={pGX\ a(7r(p)-i)(p) G iV,} C X. 
Repeating the argument above we get the proofs of corollaries 11.21 and II. 3[ 
Finally we are in position to give the following 

proof of theorem \1.5[ Since N is Chow-unstable, there is a one-parameter subgroup a : 
— > Aut(M) that linearizer on A such that the Chow-weight wcwi^^ M, A) discussed 
in remark 13.81 is positive. Following the construction illustrated above, with this one- 
parameter subgroup we can construct a test configuration {X/C,Lr) for 



M,p*A'' 



with r ^ 0. Moreover by hypothesis (M, A) admits a cscK metric, thus F(M, A) = 
vanish for all -actions and by corollary 15.21 for r ^ we get 

and the statement follows by theorem II. 4[ □ 

proof of theorem \1. 7\ The situation is similar to above. Since is relatively Chow- 
unstable, we can find a destabilizing one-parameter subgroup a : Zxut{M)[T)/T., 
where T C Aut(M)7v is a fixed maximal torus of the stabilizer of A^ in M and -^Aut(A/)(^) 
is the identity component of the centralizer of T in Aut(M). To fix an embedding 
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Zxat{M){T) /T ^ Aut(M), we proced as follows. Since Lie(ZAut(A/)(^')) is a subalge- 
bra of holomorphic vector field on M, we can consider the restriction to Lie(ZAut(A/)(^)) 
of the Futaki-Mabuchi scalar product (see yL4j) of the class ci{A) and we define Gf to be 
the subgroup generated by Lie(T')-'-. Thus we can consider a a one-parameter subgroup 
of Aut(M) commuting with T and with generating vector field a € Lie(T)^. 

Moreover, by remark [3.81 the Chow- weights of N and its flat limit A'^o = limj^o ck(0 ' ^ 
define holomorphic vector fields 7 and 70 on M via the aforementioned scalar product. 
Thus by instability hypothesis and definition of Gf we have 

wch{N,M,A) = (a,7o)ci(A) > and (a,7)ci(A) = 0. (15) 

Thanks to the invariance hypotesis on N we have a privilegiate choice for the extremal 
vector field t/ on M of the class ci{A). With this choice, integrating the extremal field 
r~^?7 of the class ci{A'^), for each integer r > we get an extremal action x^^^ '■ — > f 
(see [30\ [Tl] for definition) on the manifold M. On the other hand, via the identification 
Aut(M)7v = Aut(M) we can regard also the extremal action x^^^ '■ — > T of the class 
ci {Ar) on the blown up manifold M as a -action on M (perhaps replacing Ar = 
13* A^' (8) (~ X]^=i "^j-^j) with some tensor power). The actions x^''^ aiid x^*"^ induce en- 
actions on test configurations X and X constructed as above. 

Following Szekelyhidi [30] we have to compute the corrected Futaki invariant 

F{X,Lr)-{ao,xt^)c,{LA^^) (16) 

(r) 

where and Xq are the induced actions on the central fiber of X respectively by the 
actions a and x^'^'^ on and we denote the generalization to possibly singular and non- 
reduced schemes of the Futaki-Mabuchi product with the same notation. The key obser- 
vation is that 

(ao,Xo'^>ci(L.l^^) = («.x)ci(A) +0 (;;^) (17) 

as r » 0, where (a,x)ci(A) = (ct,??) = F{M,A) since X is a product configuration. 
Assuming (|17p for the moment, together with the corollarv 15.21 we get 

T?(V T \ i~ ~W\ WCY^{N,A) ( I \ 

F{X,Lr) - {ao,xh )ci(L.|^^) = ^n-d-l + O [j^ j , 

and the statement follows by [3^ theorem 3.3.2]. 

To prove (|17p consider the embedding l^^ : X ^ P^'' x C. Thanks to linearizations on 
Lr, T and a act on P^'' x C (in particular a acts via the natural action of on C and 
T via the trivial action) and l is both T and a-equivariant. Now let (jg be the standard 
Kahler metric on C and let u!ps{Nr) be a Fubini-Study metric on P'^'' such that a\gi acts 

(r) 

by isometrics. Let (pa ue a Kahler potential for a with respect to ujpg^^^^y 
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For each integer > we have 



+ z 



(r) , |,|2\" '^F5(7V.) 



hm / U(-) + \t\"]'''^""'"" 

Now, let u; be a Kahler metric on M in the class ci{A) and let ipa be a Kahler potential 
for Q with respect to lo. For each t ^ have 



(19) 

Combinig (llSp with p9p by [111 Proposition 3] and definition of the generalized Futaki- 
Mabuchi scalar product we get 

(Ai,A2)c,{L.|,„) = r\\iA2)cM)+o{j:^) , (20) 

for each pair Ai, A2 of one-parameter subgroups of Aut(M) generated by the vector fields 
Ai, A2 G Lie(T)+Cd. Since the extremal vector field (in the fixed torus) is by definition the 
dual of the Futaki invariant with respect to the Futaki-Mabuchi scalar product, denoting 
by rjr the extremal field of the class ci(Ar), by d^D]) and corollarv 15.21 for r we get 

1 1 



whence 



and (dl]) follows thanks to ([IS]). □ 
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